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LEFSCHETZ FIBRATIONS AND TORELLI GROUPS
R. I˙NANC¸ BAYKUR AND DAN MARGALIT
Abstract. For each g ≥ 3 and h ≥ 2, we explicitly construct
(1) fiber sum indecomposable relatively minimal genus g Lefschetz
fibrations over genus h surfaces whose monodromies lie in the
Torelli group, (2) fiber sum indecomposable genus g surface bun-
dles over genus h surfaces whose monodromies are in the Torelli
group (provided g ≥ 4), and (3) infinitely many genus g Lefschetz
fibrations over genus h surfaces that are not fiber sums of holomor-
phic ones.
1. Introduction
Given a Lefschetz fibration f : X → Σ on a closed oriented
4-manifold X with a regular fiber F and critical locus Crit(f), there is
an associated monodromy homomorphism µ from π1(Σ\Crit(f)) to the
mapping class group of F , which determines the topology of the pair
(X, f). A more restricted but still useful piece of information is the
image of µ, the monodromy group of f . For example, there are various
restrictions on the topology of a Lefschetz fibration whose monodromy
group lies in the hyperelliptic mapping class group; see [10, 25]. The
purpose of this article is to study Lefschetz fibrations with monodromy
group in the Torelli group, the kernel of the action of the mapping class
group of F on H1(F ;Z) (Theorems 1.1 and 1.2). As a byproduct we
will construct families of Lefschetz fibrations that are not fiber sums of
holomorphic ones (Theorem 1.3).
In addition to having monodromy in the Torelli group, the Lefschetz
fibrations we construct will have the additional property of fiber sum
indecomposability: whenever we write them as a fiber sum of two Lef-
schetz fibrations, one is a trivial bundle over S2. Such fibrations can
be regarded as the irreducible building blocks of Lefschetz fibrations.
In what follows, we reserve the term Lefschetz fibration for the case
where the critical locus is nonempty, so as to distinguish this from the
surface bundle case.
The first author was partially supported by the NSF grant DMS-0906912. The
second author was partially supported by an NSF CAREER grant and a fellowship
from the Sloan Foundation.
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Figure 1. The curves used in Theorem 1.1.
Theorem 1.1. For each pair of integers g ≥ 3 and h ≥ 2, there are
fiber sum indecomposable relatively minimal genus g Lefschetz fibrations
over genus h surfaces whose monodromies lie in the Torelli group.
Theorem 1.1 is proven by explicitly constructing the desired Lef-
schetz fibrations. In the case h = 2 these fibrations are prescribed by
the monodromy factorizations
T 2c [Tα−
1
T−1
α+
1
, Tβ−
1
T−1
β+
1
][Tα−
2
T−1
α+
2
, Tβ−
2
T−1
β+
2
] = 1
where where Tx denotes the right Dehn twist about x and the curves
c, α+j , α
−
j , β
+
j , β
−
j are as in Figure 1 (to realize the curves in a surface
of genus g ≥ 3, glue a genus g − 2 surface along c). Our conventions
here and throughout the paper are that [a, b] denotes aba−1b−1 and that
mapping classes are applied right to left. Our fibrations for h ≥ 3 are
then obtained by taking appropriate pullbacks of these fibrations.
The fiber sum indecomposability of our fibrations alone contrasts
with the situation for the lower genera fibrations: as shown by Mat-
sumoto in [22], any genus one Lefschetz fibration is fiberwise diffeo-
morphic to the fiber sum of standard ones, namely the elliptic surfaces
E(n) and the trivial surface bundle over a genus h surface.
The hypotheses on the fiber and base genera in Theorem 1.1 are nec-
essary: as we show in Proposition 3.3, there are no relatively minimal
Lefschetz fibrations with monodromy group contained in the Torelli
group if g ≤ 2 or h ≤ 1; the h = 0 case is due to Smith [26, 1]. Relative
minimality is also a necessary assumption in Theorem 1.1, for other-
wise one can simply blow up on a fiber of any trivial surface bundle
over a surface to produce such examples.
In the course of the proof of Theorem 1.1 we prove that the com-
mutator length in the Torelli group (or the mapping class group) of
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a Dehn twist about a curve cutting off a genus 2 subsurface with one
boundary component is 2. This result is proved in the same spirit as
in [20, 19, 9, 4], where similar calculations were carried out for other
powers of Dehn twists in the whole mapping class group.
For completeness, we also give a version of Theorem 1.1 for surface
bundles over surfaces.
Theorem 1.2. For each pair g ≥ 4 and h ≥ 2, there are fiber sum
indecomposable genus g surface bundles over genus h surfaces whose
monodromy groups lie in the Torelli group.
The proof of Theorem 1.2 is by explicit construction. We give the
first explicit examples of surface subgroups of the Torelli group, al-
though nonexplicit examples are readily available [7, 17, 8]. It is easy
to generate explicit examples for h = 1: any two Dehn twists along
distinct, disjoint essential separating curves generate a subgroup of the
Torelli group isomorphic to π1(T
2) ∼= Z2.
It is certainly necessary in Theorem 1.2 that g ≥ 3, since the Torelli
group is trivial for g = 1, 2 and is a free group for g = 2. It is not
immediately clear from our work if the g = 3 case is achievable.
When stripped of the fiber sum indecomposability property, the ex-
istence of the Lefschetz fibrations and surface bundles in Theorems 1.1
and 1.2 is no surprise. The trivial surface bundles already have mon-
odromy in the Torelli group, and nontrivial examples are very easy to
generate. As for Lefschetz fibrations, it is known that the commutator
subgroup of the Torelli group has finite index in the subgroup gener-
ated by Dehn twists about separating curves [14], and so some high
enough power of a product of Dehn twists about separating curves is
equal to a product of commutators in the Torelli group. Nevertheless,
this fact does not provide any explicit information on the number of
commutators. Therefore, it does not allow us to explicitly realize all
pairs of g and h as in our theorems.
When g ≥ 9, Theorem 1.2 is a special case of another theorem we
prove, namely, that there exist fiber sum indecomposable surface bun-
dles over surfaces whose monodromy groups lie in any given term of
the Johnson filtration; see Section 4. Again, we give explicit examples;
the existence of such bundles was known to Crisp and Farb [8].
We now turn to the following question: Is every Lefschetz fibration
a fiber sum of holomorphic Lefschetz fibrations? This question arose
because the first examples of Lefschetz fibrations over the 2-sphere that
could not be made holomorphic for any choice of complex structures on
the total space and the base were obtained by fiber summing holomor-
phic Lefschetz fibrations with twisted gluings [24, 12, 18]. For Lefschetz
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fibrations over S2, the question was settled negatively by Stipsicz [28]
and Smith [27] independently. By modifying the Lefschetz fibrations we
obtained in Theorem 1.1 we extend their result to Lefschetz fibrations
over surfaces of higher genera.
Theorem 1.3. For each pair g ≥ 3 and h ≥ 2, there are relatively
minimal genus g Lefschetz fibrations over genus h surfaces on infinitely
many pairwise homotopy inequivalent 4-manifolds that are not fiber
sums of holomorphic Lefschetz fibrations.
The proofs of Stipsicz and Smith for the h = 0 case fails when the
base genus is positive; see the discussion at the end of Section 3. Our
proof is obtained via a direct analysis of the monodromies, making
use of an algebraic characterization of fiber sum decomposability we
provide at the end of Section 2.
Acknowledgments. We would like to thank Benson Farb and Sang-
hyun Kim for helpful conversations.
2. Background
In this section we present some background material on mapping
class groups, Lefschetz fibrations, and surface bundles.
2.1. Mapping class groups and Torelli groups. Let F denote a
compact, connected, oriented surface with a finite set of marked points
in its interior. The mapping class group of F , denoted Mod(F ), is the
group of isotopy classes of orientation-preserving self-diffeomorphisms
of F that fix ∂F pointwise and preserve the set of marked points.
Denote by Σg a closed, connected, oriented surface of genus g and by
Σ1g the surface obtained from Σg by deleting the interior of an embedded
disk. Let F be either Σg or Σ
1
g. The Torelli group of F , denoted I(F ),
is the kernel of the action of Mod(F ) on H1(F ;Z).
2.2. Lefschetz fibrations and surface bundles. A Lefschetz fibra-
tion (X, f) of a smooth 4-manifold X is a surjection f to a closed
oriented surface Σ that is a submersion on the complement of finitely
many points pi, at which there are local complex coordinates (com-
patible with the orientations on X and Σ) with respect to which the
map takes the form (z1, z2) 7→ z1z2. When there are no critical points,
(X, f) is a surface bundle over a surface. We say that (X, f) is a genus
g Lefschetz fibration (or a surface bundle) over a genus h surface if the
genus of a regular fiber F is g and the genus of the base Σ is h.
Again, in this paper, we only use the term Lefschetz fibration when
the set of critical points {pi} is nonempty. We will moreover assume
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that all the points pi lie in distinct fibers; this can always be achieved
after a small perturbation. Lastly, the fibration is called relatively
minimal if there are no spheres of self-intersection −1 contained in the
fibers.
2.3. Monodromy factorizations. The topology of a Lefschetz fibra-
tion f : X → Σ with regular fiber F and critical points pi is determined
by the monodromy homomorphism1
µ : π1(Σ \ {f(pi)})→ Mod(F )
[15, 23]. The monodromy µ maps an element of π1(Σ \ {f(pi)}) en-
circling a single critical value f(pi) in a counterclockwise fashion to a
positive Dehn twist in Mod(F ). If D is a 2-disk that contains all of the
critical values, then f restricts to a surface bundle over Σ \D.
We can choose standard generators αj , βj for π1(Σ\D) and standard
generators of γℓ of π1(D \ {f(p1), . . . , f(pk)}) so that
[α1, β1] · · · [αh, βh] = γ1 · · · γk.
A Lefschetz fibration X → Σh is completely determined by the images
of the αj, βj, and γℓ under the monodromy µ. Since the above relation
is the only defining relation for π1(Σh \ {f(p1), . . . , f(pk)}), genus g
Lefschetz fibrations f : X → Σh are completely determined by choices
of µ(αj), µ(βj) ∈ Mod(Σg) and choices of positive Dehn twists Tcℓ =
µ(γℓ) ∈ Mod(Σg) satisfying the relation
Tck · · ·Tc1 [µ(α1)
−1, µ(β1)
−1] · · · [µ(αh)
−1, µ(βh)
−1] = 1.
Such an expression is called amonodromy factorization for (X, f). Con-
versely, whenever we have such a factorization, we can build a genus g
Lefschetz fibration (X, f) over a genus h surface with k critical points.
A Dehn twist Tc is contained in the Torelli group if and only if c
is a separating curve. So the monodromy µ of a Lefschetz fibration
(X, f) lies in the Torelli group I(F ) < Mod(F ) if and only if there is a
monodromy factorization as above where µ(αj), µ(βj) are in I(F ) and
each µ(γℓ) is positive Dehn twist along a separating curve. Moreover, it
is not hard to see that a monodromy factorization contains a Dehn twist
along a nullhomotopic curve if and only if there is a self-intersection
−1 sphere in a fiber.
Analogous statements hold mutatis mutandis for surface bundles
over surfaces where we simply drop from the discussion the funda-
mental group generators enclosing the critical points.
1A technical point we will suppress is that the monodromy is really an anti-
homomorphism, since elements of pi1(Σ \ {f(pi)}) are written left-to-right and ele-
ments of Mod(F ) are written right-to-left.
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2.4. Pullbacks and monodromies. Given a genus g Lefschetz fibra-
tion f : X → Σ and a covering p : Σ˜ → Σ, we can define the pullback
Lefschetz fibration f˜ : X˜ → Σ˜ in the usual way. The pullback of a
relatively minimal Lefschetz fibration is again a relatively minimal Lef-
schetz fibration of the same fiber genus.
Say the critical values of f are q1, . . . , qn, and denote by p
′ the re-
striction of p to Σ˜ \ p−1({qi}). One monodromy factorization of the
pullback is
µ˜ = µ ◦ p′⋆ : π1
(
Σ˜ \ p−1({qi})
)
→ Mod(Σg),
where µ is a monodromy factorization for f . If the degree of p is m
then f˜ has mn critical points. The free homotopy class of a coun-
terclockwise simple loop around one point of p−1(qi) maps to the free
homotopy class of a counterclockwise simple loop around qi, and there-
fore the monodromy around each point of p−1(qi) in the pullback is
conjugate to the monodromy around qi in the original fibration. Since
the monodromy around qi is a nontrivial positive Dehn twist, we can
see directly from the monodromy description of the pullback that the
monodromy around each point of p−1(qi) is a nontrivial positive Dehn
twist.
2.5. Fiber sum indecomposability. A common way to construct
new Lefschetz fibrations from old ones is the fiber sum operation, de-
fined as follows. Let (X1, f1) and (X2, f2) be genus g Lefschetz fi-
brations over surfaces of genus h1 and h2, respectively, with regular
fibers F1 and F2. The fiber sum of (X1, f1) and (X2, f2) is a genus
g Lefschetz fibration over a surface of genus h1 + h2 obtained by re-
moving a fibered tubular neighborhood of each Fi and then identifying
the resulting boundaries via any fiber-preserving, orientation-reversing
diffeomorphism.
As in the introduction, a Lefschetz fibration (X, f) is fiber sum inde-
composable if it cannot be expressed as a fiber sum of any two Lefschetz
fibrations where neither is a trivial bundle over S2. Again, such fibra-
tions can be regarded as the irreducible building blocks of Lefschetz
fibrations.
We will now give an algebraic interpretation of the fiber sum oper-
ation in terms of monodromies and present an algebraic criterion that
obstructs the presence of nontrivial fiber sum decompositions. Our
discussion here extends the one in our earlier work on surface bundles
[5].
Let (X1, f1) and (X2, f2) be genus g Lefchetz fibrations over surfaces
of genus h1 and h2, respectively. Let µi : π1(Σi \ Crit(fi)) → Mod(Σg)
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be the monodromy of the fibration fi, for i = 1, 2. There is an induced
homomorphism
µ1 ∗ µ2 : π1(Σ1 \ Crit(f1)) ∗ π1(Σ2 \ Crit(f2))→ Mod(Σg).
Let Σ be a surface of genus h = h1+h2 obtained by taking the connected
sum of the Σi, and let γ denote the simple closed curve in Σ along
which the Σi \ D2 are glued. Base π1(Σ) at a point of γ. There is a
homomorphism
π1(Σ \ Crit(fi))→ π1(Σ1 \ Crit(f1)) ∗ π1(Σ2 \ Crit(f2))
induced by collapsing γ to a point. The monodromy of the fiber sum
of (X1, f1) and (X2, f2) is induced by postcomposing the above map
with µ1 ∗ µ2.
We conclude that a Lefschetz fibration is fiber sum indecomposable
if and only if its monodromy does not decompose into a nontrivial free
product of two monodromies as above. More precisely:
Fiber Sum Criterion. A Lefschetz fibration is fiber sum decompos-
able if and only if the kernel of the monodromy contains a nontrivial
separating simple closed curve.
We can restate the Fiber Sum Criterion in terms of the monodromy
factorization: a genus g Lefschetz fibration f over Σh with ℓ critical
points and monodromy µ is fiber sum decomposable if and only if there
is a choice of generators αj , βj, γℓ for π1(Σh \ Crit(f)) so that
Tcn · · ·Tc1 [µ(α1)
−1, µ(β1)
−1] · · · [µ(αm)
−1, µ(βm)
−1] = 1
in Mod(Σg), where 1 ≤ 2m+ n < 2h + ℓ. In other words, a Lefschetz
fibration is fiber sum decomposable if and only if it can be prescribed
by a factorization of the identity in Mod(Σg) that contains a nontrivial
and proper subfactorization of the identity. Recall that the fiber sum
operation involves a choice of gluing map, which amounts to conju-
gating such a subfactorization by an element in Mod(Σg); this clearly
preserves the property of having a proper subfactorization of the iden-
tity.
3. Construction of Lefschetz fibrations
In this section we will prove Theorems 1.1 and 1.3, that is, we will
give explicit examples of fiber sum indecomposable Lefschetz fibrations
with monodromy in the Torelli group, and then we will modify our
construction to give our Lefschetz fibrations that are not fiber sums
of holomorphic ones. We begin by describing the key ingredient, unit
tangent bundle subgroups of the mapping class group.
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3.1. Unit tangent bundle subgroups. Let 2 ≤ g0 < g. Denote
by UT(Σg0) the unit tangent bundle of Σg0 . In this section we will
construct an embedding of π1(UT(Σg0)) in I(Σg).
First, the inclusion Σ1g0 → Σg induces an injective homomorphism
Mod(Σ1g0)→ Mod(Σg);
see [11, Theorem 3.18]. Since H1(Σ
1
g0;Z) injects into H1(Σg;Z), the
last homomorphism restricts to
I(Σ1g0)→ I(Σg).
Thus, it suffices to find a subgroup of I(Σ1g0) isomorphic to π1(UT(Σg0)).
There is a short exact sequence
1→ π1(UT(Σg0))
Push
→ Mod(Σ1g0)→ Mod(Σg0)→ 1;
see [11, Section 4.2].
The group π1(UT(Σg0)) has the presentation
〈α˜1, β˜1, . . . , α˜g0, β˜g0, t | [α˜1, β˜1] · · · [α˜g0 , β˜g0] = t
2g0−2, [α˜i, t] = [β˜i, t] = 1〉.
Here t is the simple loop contained in the fiber and the other generators
are arbitrarily chosen lifts of the standard generators for π1(Σg0).
We can explicitly describe the image of each generator of π1(UT(Σg0))
in Mod(Σ1g0). First, the central element t maps to the Dehn twist Tc,
where c is the boundary of Σ1g0 . Next, let α denote the image of some
α˜ ∈ {α˜i, β˜i} in the fundamental group π1(Σg0) based at a point on the
boundary. We represent α by a simple loop in Σg0 that is disjoint from
the boundary away from its endpoints. A closed regular neighborhood
of α ∪ c is homeomorphic to a pair of pants, that is, a sphere with
three boundary components. One of the boundary components is c.
We denote the two boundary components lying to the right and to the
left of α by α+ and α−. Finally, we have2
Push(α˜) = Tα+T
−1
α− .
In particular, we observe that, since α+ and α− are homologous in Σ1g0,
the image of π1(UT(Σg0)) in Mod(Σ
1
g0) lies in I(Σ
1
g0).
Combining all of the above observations, we deduce the following
fact.
Lemma 3.1. Let g ≥ 3 and 2 ≤ g0 < g. Let c be a separating curve
in Σg that cuts off a genus g0 subsurface Σ
1
g0
, and choose standard
2Again, we have the situation where Push is an anti-homomorphism.
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α1β1
α2
β2
Figure 2. Standard generators for π1(Σ2)
generators {α˜i, β˜i} for π1(UT(Σ1g0)) as in the above presentation. Then
the following relation holds in I(Σg):
T 2g0−2c = [Push(β˜g0)
−1,Push(α˜g0)
−1] · · · [Push(β˜1)
−1,Push(α˜1)
−1].
3.2. Commutator lengths. Let G be a group, and consider its com-
mutator subgroup [G,G] endowed with the generating set consisting of
all commutators in G. We define the commutator length of an element
of [G,G] to be the word length of that element with respect to this
generating set. In other words, the commutator length is the smallest
number of commutators needed to write a given element of [G,G].
Before we move on to the proof of Theorem 1.1 we will observe the
following.
Proposition 3.2. Let g ≥ 3 and let c be a separating simple closed
curve in Σg that cuts off a genus 2 surface. Then the commutator
length of T 2c in I(Σg) as well as in Mod(Σg) is 2.
Proof. Endo and Kotschick [9] proved that the commutator length of
T kc in Mod(Σg) with k > 0 is bounded from below by⌈
1 +
k
6(3g − 1)
⌉
≥ 2.
By Lemma 3.1, the commutator length of T 2c in I(Σg) is at most 2.
The proposition follows. 
3.3. Indecomposable Torelli Lefschetz fibrations. We now prove
Theorem 1.1, which gives explicit Lefschetz fibrations with monodromy
group in the Torelli group.
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Proof of Theorem 1.1. We first treat the case h = 2. We will construct
an explicit monodromy
π1(Σ2,2)→ I(Σg)
where Σ2,2 is Σ2 minus two points.
By Lemma 3.1 the following relation holds in I(Σg):
T 2c = [Push(β˜2)
−1,Push(α˜2)
−1][Push(β˜1)
−1,Push(α˜1)
−1]
where the curves in the factorization are lifts of the curves in Figure 2.
This relation prescribes a genus g Lefschetz fibration (X, f) over Σ2
whose monodromy group is contained in I(Σ2).
We would like to show that this Lefschetz fibration is fiber sum
indecomposable. By the Fiber Sum Criterion, it suffices to show that
the monodromy contains no essential simple loops in its kernel.
We claim that the monodromy can be written as a composition:
π1(Σ2,2)
η
→ π1(UT(Σ2))→ I(Σg).
We already described the second map and said that it is injective. It
remains to define η, to show that it agrees with our desired monodromy,
and to show that the kernel of η contains no essential simple separating
loops.
Choose a standard generating set {α1, β1, α2, β2, γ1, γ2} for π1(Σ2,2)
as in Section 2.3, so
[α1, β1][α2, β2] = γ1γ2
and so that the image of αi in π1(Σ2) equals the image of α˜i in π1(Σ2)
(similar for the βi).
We define the map η : π1(Σ2,2)→ π1(UT(Σ2)) on the generators:
αi 7→ α˜i
βi 7→ β˜i
γi 7→ t
It follows from our presentation of π1(UT(Σ2)) and the defining relation
for our standard presentation of π1(Σ2) that this map is a well-defined
homomorphism. It is clear that this map agrees with our original mon-
odromy.
Our map η makes the following diagram commute:
π1(Σ2,2)
ι
''◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
η
// π1(UT(Σ2))

π1(Σ2)
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where ι is induced by inclusion Σ2,2 → Σ2 and the vertical map is
induced by the projection UT(Σ2)→ Σ2.
We claim that any essential simple loop δ in the kernel of ι is conju-
gate to
(δ1δ2)
±1
where each δi is conjugate to γi. Indeed, any simple loop surrounding
two punctures can be rewritten as a product of two simple loops, each
surrounding one of the punctures, both in the same direction as the
original loop. Combining this with the fact that freely homotopic loops
are conjugate in the fundamental group, the claim follows.
By the commutativity of the above diagram ker(η) ⊆ ker(ι), so it
suffices to show η(δ) is nontrivial. Since η(γi) is the central element t
for all j and δi is conjugate to γi, it follows that η(δi) = t. We conclude
that η(δ) = t±2. We have thus succeeded in showing that the kernel of
η contains no essential simple loops, as desired.
Now let h ≥ 3. Fix a covering map p : Σh → Σ2. We would like to
show that the pullback fibration is fiber sum indecomposable.
The covering p restricts to a covering map p′ : Σh,2h−2 → Σ2,2. We
consider the composition
π1(Σh,2h−2)
p′⋆→ π1(Σ2,2)
η
→ π1(UT(Σ2))→ I(Σg).
We now need to check that there are no essential separating loops in
the kernel of η ◦ p′⋆. We treat two cases.
First assume that δ is an essential separating curve in Σh,2h−2 that
does not lie in the kernel of ι′ : π1(Σh,2h−2) → π1(Σh). There is a
commutative diagram
π1(Σh,2h−2)
ι′
//
p′⋆

π1(Σh)
p⋆

π1(Σ2,2)
ι
// π1(Σ2)
Since p⋆ is injective, the image of δ in π1(Σ2) is nontrivial. Therefore
p′⋆(δ) does not lie in the kernel of ι. As above, this implies that p
′
⋆(δ)
does not lie in the kernel of η. Thus δ is not in the kernel of η ◦ p′⋆.
Now suppose δ does lie in the kernel of ι′. As in the above claim, δ±1
is a product of all counterclockwise simple peripheral loops. Since p′
is the restriction of p, these all map to conjugates of the γi in π1(Σ2,2)
under p′⋆, and so then they all map to t in π1(UT(Σ2)) under η. The
result now follows.
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The Lefschetz fibrations we obtained in the proof are all relatively
minimal since each loop in Σh,2h−2 surrounding a single puncture maps
to t±1 ∈ π1(UT(Σ2)). This completes the proof. 
As promised in the introduction, we also show that Theorem 1.1
cannot be extended to cover the cases of small fiber and base genera.
Proposition 3.3. When g ≤ 2 or h ≤ 1, there are no relatively mini-
mal genus g Lefschetz fibrations over a genus h surface with monodromy
group contained in the Torelli group.
Proof. Let us begin with the case when the base genus h is 0 or 1.
As in Section 2.3, a relatively minimal Lefschetz fibration can have
monodromy group inside the Torelli group only if all the Dehn twists
in its monodromy factorization are along nontrivial separating curves in
the fiber. Since h ≤ 1, the monodromy factorization of such a fibration
would yield an expression of a product of nontrivial Dehn twists about
separating curves as a product of at most one commutator in Mod(Σg).
This contradicts the theorem of Endo and Kotschick we quoted in the
proof of Proposition 3.2 above. (An alternative proof for the h = 0
case was already obtained by Ivan Smith [27, Theorem 6.2].)
Next, for g ≤ 2, the Torelli group I(Σg) is a free group (in fact, it
is trivial when g ≤ 1). This precludes the possibility of finding a rela-
tion of the sort required for a monodromy factorization of a Lefschetz
fibration, and so we are done. 
3.4. Lefschetz fibrations that are not fiber sums of holomor-
phic ones. Next is the proof of our third main theorem. Specifically,
we will give explicit constructions of Lefschetz fibrations that are not
holomorphic, and moreover cannot be written as fiber sums of holo-
morphic fibrations.
Proof of Theorem 1.3. We will only present the desired Lefschetz fibra-
tions over genus 2 surfaces. The families of Lefschetz fibrations over
surfaces of base genera h ≥ 3 can then be obtained by taking pullbacks
of these fibrations as in the proof of Theorem 1.1.
Let c, α+j , α
−
j , β
+
j , β
−
j be the curves in Σg given in Figure 1, and let d
be any nonseparating simple closed curve contained in the genus g− 2
subsurface not shown in the picture. The Dehn twist Td commutes
with Tα+
1
, T−1
α−
1
, Tβ+
1
, and T−1
β−
1
. It then follows from Lemma 3.1 that the
following relation holds in Mod(Σg):
T 2c [T
n
d Tα−
1
T−1
α+
1
, Tβ−
1
T−1
β+
1
][Tα−
2
T−1
α+
2
, Tβ−
2
T−1
β+
2
] = 1.
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For each n ≥ 0, let (Xn, fn) denote the genus g Lefschetz fibration
over a genus 2 surface prescribed by the above factorization. Note that
each one of these fibrations admits a section: the monodromy of our
Lefschetz fibration over Σ2 lifts to the mapping class group of a genus
g surface with one marked point, where this point is taken to lie in
the component of Σg − c containing d. The pullback fibrations simi-
larly have monodromies factoring through the mapping class group of
Σg with one marked point, so they all admit sections. Also note that
all these fibrations are relatively minimal, as indicated by their mon-
odromy factorizations. When n = 0, we have the Lefschetz fibrations
constructed in the proof of Theorem 1.1.
We first claim that (Xn, fn) is fiber sum indecomposable. There is a
surjective homomorphism Mod(Σg, d)→ Mod(Σg−d) with kernel 〈Td〉,
where Mod(Σg, d) is the subgroup of Mod(Σg) consisting of elements
that preserve the isotopy class of d; see [11, Proposition 3.20]. Since
f0(π1(Σ2,2)) lies in Mod(Σg, d) and intersects 〈Td〉 trivially, it follows
from Theorem 1.1 that the composition
π1(Σ2,2)
f0
→ Mod(Σg, d)→ Mod(Σg − d)
contains no simple separating loops in its kernel. But this composition
is equal to the composition
π1(Σ2,2)
fn
→ Mod(Σg, d)→ Mod(Σg − d).
Thus, fn contains no simple separating loops in its kernel. By the Fiber
Sum Criterion, (Xn, fn) is fiber sum indecomposable.
We next check that {(Xn, fn) | n ∈ Z+} consists of pairwise homo-
topy inequivalent 4-manifolds. We will do this by showing that their
first homology groups are distinct. Since (Xn, fn) admits a section,
we can calculate H1(Xn) using the action of π1(Σ) on H1(F ) via the
formula
H1(Xn) ∼= H1(Σ)⊕ (H1(F )/π1(Σ)) .
As usual, we compute the latter quotient by fixing generators for π1(Σ)
andH1(F ). ForH1(F ) let us fix a standard basis a1, b1, . . . , ag, bg where
a1 = d.
Almost all of the mapping classes in the monodromy factorization
for fn lie in the Torelli group. The only nontrivial action of π1(Σ)
on H1(F ) comes from the T
n
d factor in the monodromy image of the
fundamental group generator corresponding to the first component of
the commutator
[T nd Tα−
1
T−1
α+
1
, Tβ−
1
T−1
β+
1
].
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Furthermore, T nd acts nontrivially only on one basis element of H1(F ),
namely [b1]. We therefore obtain
[b1] = T
n
d ([b1]) = [b1]− n ıˆ(b1, d)[d] = [b1] + n[d],
that is, n[d] = 0 in in H1(Xn). This is the only relation among the
generators of H1(Σ) and H1(F ). Hence
H1(Xn) ∼= Z/nZ⊕
(⊕
Z
2g+2h−1
)
.
It is now immediate that the family {Xn | n ∈ Z+} consists of
4-manifolds that are pairwise homotopy inequivalent.
Since (Xn, fn) are fiber sum indecomposable, to show that (Xn, fn)
are not fiber sums of holomorphic fibrations, it suffices to show that
Xn cannot admit a complex structure. As seen from our homology cal-
culation, b1(Xn) is odd, and Xn admits a relatively minimal Lefschetz
fibration with fiber genus greater than one and base genus positive.
The first author proved that in this situation, Xn cannot support a
complex structure with either orientation [3, Lemma 2], proving our
claim, and hence the theorem. 
A maximal section of a Lefschetz fibration or a surface bundle is
a section that attains the maximum possible self-intersection number
over all sections. It was shown by the first author, Korkmaz, and
Monden [4] that the maximal possible self-intersection number for a
section of a genus g Lefschetz fibration over a genus h surface is 2h− 2
for h ≥ 1, whereas this number was known to be −1 when h = 0,
provided g ≥ 2. For each pair of integers g ≥ 2 and h ≥ 1, the
authors moreover constructed examples of genus g Lefschetz fibrations
over genus h surfaces with maximal sections. It can be seen from
the monodromy factorizations of these bundles that they are indeed
fiber sum decomposable, and infinite families of these examples are
present in [2]. This therefore shows that the strategy of the proof of
the analogous statement of Theorem 1.3 in the case of h = 0 given by
Stipsicz [28] and Smith [27] breaks down when h ≥ 1, since their proof
relied on an observation that a Lefschetz fibration over the 2-sphere
admitting a maximal section is always fiber sum indecomposable.
4. Construction of surface bundles
The main goal of this section is to prove Theorem 1.2. That is,
we construct explicit fiber sum indecomposable surface bundles over
surfaces with monodromy group contained in the Torelli group. Then
we generalize this construction to the case where the monodromy group
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lies in any given term of the Johnson filtration of the Torelli group; see
Theorem 4.1 below.
In [5], we constructed fiber sum indecomposable surface bundles over
surfaces by giving explicit injective, irreducible homomorphisms
π1(Σh)→ Mod(Σg)
for any g, h ≥ 2 as follows. First, we defined families of homomor-
phisms:
Φh,n : π1(Σh)→ A(Cn) h ≥ 2, n ≥ 5,
Ψn,p : A(Cn)→ Bn n ≥ 3, p ≥ 3, and
Ωg : B2g+1 → Mod(Σg) g ≥ 1,
where A(Cn) is the group with presentation
〈v1, . . . , vn | [vi, vj ] ⇐⇒ |i− j| > 1 mod n〉
and Bn is the braid group on n strands. We regard Bn as the mapping
class group of a disk with n marked points.
Our monodromies were given by
Ωg ◦Ψ2g+1,p ◦ Φh,2g+1 : π1(Σh)→ Mod(Σg)
for p ≥ 3, g ≥ 2, and h ≥ 2.
The salient features of the constituent maps are:
(1) Φh,n is injective for all h ≥ 2, n ≥ 5
(2) Ψn,p is injective for n ≥ 0, p ≥ 3
(3) ker(Ωg) 6 Z(B2g+1)
Applying these facts, plus the fact that π1(Σh) is centerless when h ≥ 2,
it immediately follows that Ωg ◦Ψ2g+1,p ◦ Φh,2g+1 is injective.
The strategy for the proof of Theorem 1.2 is to modify the above
construction by replacing Ψ2g+1,p with a different map. In order to do
this, we need to recount the definition of Ψn,p. Recall that if c is a
simple closed curve in Dn surrounding exactly two marked points, then
the half-twist Hc is the unique mapping class whose square is the Dehn
twist Tc. With these in hand, Ψn,p is given by
Ψn,p(vi) = H
p
ci
,
where each ci is the simple closed curve in Dn indicated in the left-hand
side of Figure 3.
Proof of Theorem 1.2. We modify the above construction by replacing
Φh,2g+1 with Φh,g+1 and Ψ2g+1,p with a map
Ψ′g+1,p : A(Cg+1)→ B2g+1
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c1 c2 c3 c4
c5
c1 c2 c3 c4
c5
Figure 3. The curves used to define Ψn,p and Ψ
′
n,p in
the case n = 5.
so that:
(1) Ψ′2g+1,p is injective, and
(2) the image of Ω2g+1 ◦Ψ
′
g+1,p lies in I(Σg).
It then follows that the monodromy
Ω2g+1 ◦Ψ
′
g+1,p ◦ Φh,g+1
is injective with image in the Torelli group; the theorem then follows
from the Fiber Sum Criterion. Note the group A(Cn) only contains
π1(Σ2) when n ≥ 5; hence our assumption that g ≥ 4.
The basic idea for constructing Ψ′g+1,p is simply to insert one extra
marked point interior to each ci; see Figure 3.
We define Ψ′n,p : A(Cn)→ B2n−1 by prescribing where it sends each
generator vi for A(Cn):
vi 7→ T
2p
ci
where the curves are as shown in the right-hand side of Figure 3. We
will now check that Ψ′n,p satisfies the properties listed above for p ≥ 1.
First we show that Ψ′n,p is injective. To this end, notice that the
image of Ψ′n,p lies in the pure braid group PB2n−1. There is a forgetful
homomorphism
PB2n−1 → PBn
obtained by forgetting all of the even-numbered punctures (going from
left to right). The composition
A(Cn)
Ψ′n,p
→ PB2n−1 → PBn 6 Bn
is nothing other than Ψn,4p, which is injective for p ≥ 1. It follows that
Ψ′n,p is injective.
Next we show that Ω2g+1 ◦Ψ′g+1 lies in I(Σg). Under the map Ωg, a
square of a Dehn twist about an odd number of marked points in D2g+1
maps to a Dehn twist about a separating curve in Σg [11, Section 9.4.1].
But such Dehn twists lie in I(Σg), so we are done. 
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As mentioned in the introduction, Theorem 1.2 is (at least for g large
enough) a special case of a more general phenomenon. Johnson defined
[13] a sequence of groups Nk(Σg) as follows. The kth term is
Nk(Σg) = ker(Mod(Σg)→ Out(π/π
k+1)),
where π = π1(Σg), and π
k is the kth term of the lower central series
of π. It follows from definitions that N0(Σg) = Mod(Σg) and that
N1(Σg) = I(Σg). It is a deep theorem of Johnson that N2(Σg) is
equal to K(Σg), the subgroup of Mod(Σg) generated by all Dehn twists
about separating curves [14]. The groups {Nk(Σg)}k≥1 form a central
filtration of I(Σg), that is, successive quotients are abelian [13]. Also,
it follows from work of Magnus [21] that these groups really do form a
filtration:
∞⋂
k=0
Nk(Σg) = 1.
We remark that the monodromy groups of the bundles we con-
structed in the proof of Theorem 1.2 are actually contained inN2(Σg) =
K(Σg), which is an infinite index subgroup of I(Σg).
The following theorem says that we can construct surface bundles
with monodromy group in any Nk(Sg).
Theorem 4.1. For h ≥ 2, g ≥ 9, and k ≥ 0, there exist fiber sum
indecomposable genus g surface bundles over surfaces with monodromy
in Nk(Σg).
The existence of such bundles already appears in the unpublished
work of Crisp and Farb [8]. Our main contribution is to give explicit
bundles. Without the explicitness, it is straightforward to use the same
line of reasoning to obtain bundles under the same genus assumptions
as Theorem 1.2.
Proof of Theorem 4.1. For simplicity, we deal with the case g odd. The
case of g even can be handled similarly. Also, as usual, we restrict to
the case h = 2; the case of h > 2 is handled by pulling back via any
covering map Σh → Σ2.
We will again modify the previous constructions by introducing a
new map
Ξg,k : A(C(g+1)/2)→ A(Cg+1).
To define the map, we need some notation. For two elements g1, g2 of
a group, define group elements ci(g1, g2) as follows:
c1(g1, g2) = g2 ci+1(g1, g2) = [g1, ci].
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By design, ck(g1, g2) is contained in the kth term of the lower central
series of the ambient group. We now define
Ξg,k(vi) = ck(v2i−1, v2i).
This map is injective for k ≥ 2 by Kim’s co-contraction theorem; see
[5, Theorem 2] or [16, Remark 5.2].
Our monodromies will be given by:
Ω2g+1 ◦Ψ
′
g+1,p ◦ Ξg,k ◦ Φh,(g+1)/2.
Again, Φh,(g+1)/2 is only defined for (g + 1)/2 ≥ 5, hence the assump-
tion g ≥ 9. Since the new map Ξg,k is injective, it follows that this
monodromy is injective. It remains to show that the image of the com-
position lies in Nk(Σg). Indeed, since the image of Ω2g+1 ◦Ψ′g+1,p lies in
I(Σg), and the image of Ξg,k lies in the kth term of the lower central
series of A(Cg+1), it follows that the image of Ω2g+1◦Ψ′g+1,p◦Ξg,k lies in
I(Σg)k, the kth term of the lower central series for I(Σg). But I(Σg)k
is contained in Nk(Σg), as the kth term of any central series for I(Σg)
contains I(Σg)k. This completes the proof. 
We remark that the surface bundles we construct in the proof of
Theorems 1.2 and 4.1 are in fact section sum indecomposable as in
[5]. The proof is essentially the same as for the examples given in
that paper, namely, it suffices to show that the monodromy groups are
irreducible. The key point is that the curves ci in D2g+1 are still filling
in the new construction, and so we can again use Penner’s criterion for
irreducibility in the mapping class group.
We also note that our constructions in the proofs of Theorems 1.2
and 4.1 can be easily modified in order to obtain infinitely many such
bundles, distinct up to fiberwise diffeomorphism.
Finally, one might wonder if there are Lefschetz fibrations with mon-
odromy in Nk(Σg) for k ≥ 2. However, when k ≥ 3, the group Nk(Σg)
contains no Dehn twists (or even multitwists) [6, Theorem A.1], so
there are no such fibrations.
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